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ABSTRACT: We use the algebraic definition of the Dilatation operator provided by Minahan,
Zarembo, Beisert, Kristijansen, Staudacher, proper for single trace products of scalar fields,
at leading order in the large-N 't Hooft limit to develop a new approach to the evaluation
of the spectrum of the Dilatation operator. We discover a vast number of exact sequences
of eigenstates.
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1. Introduction and summary

The past five years witnessed impressive amount of work and progress in the understanding
of N = 4 superconformal Yang Mills theory with gauge group SU(N) in the large-N limit.

The most relevant results include the increasingly detailed correspondence between
states in this theory with string states on AdSs x S°, the technical improvements in the
evaluation of the anomalous dimension of operators which led to the discovery of quantum
integrability, some unexpected relations with high energy sectors of quantum chromody-
namics. We cannot possibly quote the pertinent vast literature and we refer the reader
to the papers [[]-[f] for introduction to the subject and to the original literature. Each of
these outstanding results were obtained in the large-IN 't Hooft limit, in several sectors of
the theory, at several orders in loop expansion, then suggesting the possibility of a complete
understanding of the theory.

It seems important both for a more complete understanding of the N' = 4 Super
Yang Mills SU(N) theory at large-N and for further tests of the AdS/CFT Maldacena
conjecture to evaluate the eigenvalues of the dilatation operator for all states product of a
small number of fields and for sequences made of an arbitrary number of fields.

To this goal, an essential progress was obtained by expressing the dilatation operator in
a way that translates the evaluation of anomalous conformal dimension of states into a di-
agonalization problem in finite dimensional spaces, then avoiding the previous cumbersome
evaluation by Feynman graphs.



We shall only work in the sector of states given by products of the six real scalar
matrix fields ¢; of the theory . An operator containing the product of n matrix fields like
tr (¢1¢2 - - - ¢n) has conformal dimension Ay = n, at tree level. We refer this number as
the main quantum number of the operator or state. In this work we limit ourselves to
the exact analytic evaluation of the one loop contribution Ay, to the conformal dimension
for these single trace states in leading order in the large-N 't Hooft limit. Another good
quantum number is parity. One may define a parity operator P which inverts the order
of the matrix fields inside a single trace, Ptr(¢1¢2 - - ¢p) = tr (ppdp—1---¢1). Since the
Hamiltonian corresponding to the Dilatation operator commutes with the parity operator,
it is possible and useful to have eigenvectors with definite parity.

One may consider a set of states obtained by permuting the positions of the complex
fields Z, W, Y, later defined in eq. ([.1), inside a trace tr (Z “WbYC). The states of this set
may be regarded as basis vectors of a linear vector space invariant under the action of the
one-loop Dilatation operator. We refer to this vector space as the sector tr (Z “WbYC). The
dimension of the vector space increases rapidly as the main quantum number Ay = a+b+c¢
increases. For instance the sector tr (Z 2 W2) has only 2 independent states, both of positive
parity, whereas the sector tr (Z 3 W2Y2) has 30 independent states. To evaluate eigenvalues
and eigenvectors of the Dilatation operator in a given sector it is very useful to use basis
vectors with definite parity obtained by sum and differences of pairs of the previous basis
vectors, then splitting large matrices into two smaller ones.

This evaluations will be called direct diagonalization of the Dilatation operator. It is
the simplest procedure provided the main quantum number Ay = a+b+cis a small integer.
We provide a summary, in appendix A, of all eigenstates of the dilatation operator for low
quantum number 4 < Ag < 7. This represents a useful information for the understanding
of the theory, for checking evaluations we perform for arbitrary value of Ay and for any
comparison with energy of states in string theory.

Possibly the most important result of our paper is the evaluation of a vast number
of exact sequences of eigenstates of the dilatation operator, which appear as eqgs. (C.1)
and (C.2). To our knowledge, these sequences are not known in the literature. They
have the same eigenvalues of the well known sequences for two impurities, reproduced in
egs. (D.1) and (D.2), which may be said to belong to the sector tr (Z"¢,¢yp) of the theory.
Our sequences are valid for every sector of the form tr (Z“WbYc) with arbitrary values
for the (non-negative) integer exponents. For instance, in the sector tr (Z”_2W2Y), we
provide very explicit expressions of exact sequences of eigenstates in egs. (D.3), (D.4).

Our method is rather different from the powerful methods (superconformal algebra,
integrability and Bethe ansatz) used in extensive evaluations already performed with the
same goal. We define an auxiliary Hamiltonian, which might be called pertinent to a
nearest-neighbor exchange model where the number of flavours of the matrix fields ¢; is
unlimited and in every configuration of the fields the flavours are all distinct.

Configurations are sums of permutations and the Hamiltonian changes permutations
into permutations. The Hamiltonian belongs to the group algebra and, not surprisingly,
the analysis of this auxiliary model leads the study of the irreducible representations of
the permutation group .S, its Young projectors, its group algebra. At the end we recover



information pertinent ' = 4 Super Yang Mills theory by trivial replacements in the results.

Our method may be used to discover new sequences of eigenstates of the dilatation
operator, belonging to irreducible representations different from the one we studied. These
would have different eigenvalues. In this case, we cannot anticipate if the analytic evaluation
can be carried to the end.

The outline of the paper is the following: in section 2 we define our auxiliary model and
its analysis which leads us to the evaluation of eigenvalues and eigenvector for one element
of the group algebra of the symmetric group .5,, in several irreducible representations. Every
representation will be denoted by the sequence of integer numbers counting the number of
boxes in horizontal rows of the Young tableaux. The eigenvalues of the Hamiltonian in the
auxiliary model include the eigenvalues of the Dilatation operator of the Super Yang Mills
theory. For a number of irreducible representations we collected them in appendix B.

The method to find the eigenvectors pertinent to specific representations is described
in section 3 and in appendix C where we obtain an explicit solution for the representation
(n — 1,1). This is the easiest non trivial representation and contains the sequences we
mentioned before, the well known ones and the new ones. Section 4 and appendix D
contain the easiest replacements for the general sequences.

2. Cayley graphs

It was shown by Minahan and Zarembo [[] that the action of the dilatation operator on
single-trace states of the product of n 4 1 scalar matrix-fields, at one loop order in the
large-N 't Hooft limit, may be replaced by the matrix

A n+1

= T6.2 > (Kipi+2-2Py11) , A= g&uN (2.1)
=1

r

The two operators K1, P41 act only on the pair of fields in the positions (,{41) inside
the single-trace string of n + 1 scalar fields.
The operator K41, called a trace operator, is

Klvl—"_l tr (¢al T ¢0¢171 ¢al ¢0¢l+1 ¢al+2 T ¢an+1)
6

- 6051 , Q41 Ztr ((boq e (bal,l(bk(bk(baprz e ¢an+1)

k=1

It yields zero if the pair of matrix fields at positions [ and [ + 1 have different flavour.
The operator Pj;y; exchanges the flavour of the matrix fields at positions ! and [ + 1
irrespective of the flavours being equal or different

—Pl,l+1 tr (¢o¢1 Tt (Zsocl,l ¢al¢al+1 ¢al+2 Tt ¢an+1) =tr (¢o¢1 e (bal,l ¢al+1 ¢(xl ¢al+2 T ¢an+1)

Of course the trace operator may be neglected if the dilatation operator acts on configura-
tions tr (Pa; Ga, - - - Pan., ) Where the flavours oy of the matrix fields are all different. This is
possible only for short chains (n+1 < 6) and leads us to the definition of a auxiliary model.



Our auxiliary model is defined by the generalized dilatation operator

A n+1
= ) L, L= lz_; (ij41 — Pus1) =1-A, A =g (2.2)

acting on operators tr (o, @a, - - Gan,) Where the flavours o of the matrix fields are all
different, that is {aq,ag,...,a,41} is a permutation of the set of integers {1,2,...,n +
1}. Because of the cyclic property of trace, the number of states is n! . One may fix
the position of one flavour, let us choose the first, and consider the set of independent
states tr (¢10ay - - - Pa,y,) Where the sequence {ag,a3,...,ap41} is a permutation of the
permutation group S, acting on the sequence {2,3,...,n + 1}.

Next we proceed to evaluate eigenvalues and eigenstates for the auxiliary model. It
might seem that such spectrum would provide the correct spectrum of the dilatation oper-
ator in superconformal Yang Mills theory only for short chains and just in the sector where
all flavours are different. We suggest in the last section that a simple replacement rule
allows us to recover from the analysis of the auxiliary model the corresponding information
for super Yang Mills in the sector tr (Z“WbYc) for any choice of integers a, b, c.

One may consider the n! states tr (¢1¢a2 o Oa, +1) as a basis in a vector space V.
With the above convention of fixing flavour one in first place, the form of the operator
A= E?jll P41, writing the permutations as cycles, is

n+1
A=> Pu1=23...,nn+1)+(23) 4+ (nn+1)+(n+1mn,...,32) (23)
=1

The first permutation is the inverse of the last one, whereas each transposition coincides
with its inverse.!
The operator A is represented as a real symmetric matrix in the space V) and it is

the adjacency matrix of the graph G(V, F) associated to the matrix. The set of vertices

! Warning about conventions. Some care is necessary when we translate results from the theory of
representations of the symmetric group to the present generalized Heisenberg model on a chain. We have

defined a one-to-one correspondence between states with Ag = n+1 and elements of the permutation group
Sn:

2.4
a2 3 ...0n+1 ( )

tr [¢1¢&2 e ¢an+1] ~ (

However products of exchange operators P, ;1 act in reverse order of the usual conventions on products of

23..n+1 )

permutations. An example will illustrate it:

Py 5 P3 atr [p1050ap3d2] = Pastr [p1dsp3dada] = tr[d1dsdspada)

12345 12345
4)(45) =
(15432)(3 )(45) (15324)

As a general rule, we use the theory of irreducible representations of Sy, the projectors related to Young

It corresponds to:

tableaux, as in appendix B and C, with the generally used conventions on products of group elements.
Often we consider linear combinations of group elements, that is elements in the group ring. The results
may be translated into linear combinations of traces of products of matrix fields by first taking the inverse
of each permutation, then applying the correspondence (@)



is the set of the n! independent states tr (<Z51¢a2 o Doy, +1) , a link connects vertex v; with
vertex vy if one of the n + 1 permutations 7 in the sum in eq. (R.3), is such that v, = 7v;.

The operator L given in eq. (R.3) is the Laplacian of the graph. Since every vertex in
the graph has the same degree n + 1, the spectrum of the adjacency matrix A is trivially
related to the spectrum of the Laplacian matrix L. The eigenvalues of L, here called A2,
provide the one loop contribution to the anomalous dimension

A=DNo+ 2502, Do=n+1.

Let us recall [§] that a graph G(V, E) where the set of vertices is the set of elements
of a group, and the set of edges is a subset of the previous set, provided it is closed under
taking the inverse, is a Cayley graph. Then the graph we are discussing in this section is
the Cayley graph on the group of permutations S,, with the set of n + 1 connections listed
on the right side of eq. (R.J). The evaluation of the spectrum of the adjacency matrix of
Cayley graphs even for large graphs, is greatly facilitated by its symmetries.

We recall that for any n there exist a very easy representation of the permutation
group S, of degree n! . It is obtained by considering the elements g € S,, both as basis
vectors as well as operators in the vector space spanned by the basis vectors. Each g € S,
is represented by a matrix with only one entry equal to one and the remaining entries equal
to zero in each row and in each column. This representation is sometimes called the regular
representation.

The real symmetric matrix A , of order n! in eq. (R.J) is the sum of (n + 1) real
symmetric matrices which are the regular representation of n — 1 transpositions and 2 long
cycles in S,. It contains n + 1 entries equal to one in each row and in each column.

Any set of matrices which are the regular representation of a set of elements g €
Sn, allow a simultaneous block decomposition, where the matrices in the blocks are the
irreducible representations of the elements g € S,,. A irreducible representation of degree f
occurs f times in this decomposition [fj], then the spectrum of A is given by the eigenvalues
of A in the irreducible representation of degree f with multiplicity f (times the multiplicity
of the eigenvalue in the irreducible).

Since the regular representation is a matrix of order n!, the size increases too rapidly
to allow a direct evaluation of eigenvalues and eigenvectors of the matrix A beyond the
smallest values of n. But every information on the spectrum is recovered by the analy-
sis of the irreducible representations occurring in the block decomposition of the regular
representation.

The evaluation of the eigenvalues does not need writing the irreducible representation
for the n — 1 transpositions and the 2 cycles occurring in eq. (B-3). Indeed from the
knowledge of the characters of all classes of elements of S, in a given representation of
degree f, one obtains the character of the matrices A, A2, ..., A’ then the characteristic
equation for the matrix A then its eigenvalues. However we found easier to profit from the
explicit irreducible representations tabulated for the generators of the permutation group
S,, explicitly listed [[i] up to some value of n.

Ao = 4. By this method we evaluate the 6 eigenvalues of A for n = 3: { A = 4 singlet,
A = 0 with multiplicity 3, A = —2 with multiplicity 2 }. They translate respectively to



A 5 V5 1] -1] =5 | =5
N 0[5-—v5|4] 6 |[5+v/5] 10
multiplicity | 1 6 N ) 6 1

Table 1: Eigenvalues of the states tr (¢1¢Pa, PasPay Pas)s Lo = 5 has multiplicity= 24. The spec-
trum of the Laplacian has the symmetry Ay — 10 — A4

the eigenvalues of the Laplacian operator: {Ag = 0 singlet, Ay = 4 with multiplicity 3,
Ay = 6 with multiplicity 2 }. The representation of dimension 6 is partitioned into the
irreducible representations 6 = 1 4+ 1 + 22. The first singlet, corresponding to the identity
representation is the totally symmetric eigenstate, the second singlet corresponds to the
alternate representation, finally the 2-dimensional irreducible representation provides A = 0
and A = —2.

In a more symmetric fashion, the 3 eigenstates with A\ = 0 may be chosen as

uy = tr(Q1o20304 — P1040302) ,
uy = tr (¢10204¢93 — P1930402)
uz = tr (Q1¢a0203 — d1030204) (2.5)

The 2 eigenstates with A = —2 may be chosen as

ug = tr (91020304 — 01020403 + G1040302 — P1030402) ,
us = tr (P1¢20403 — P130204 + 1030102 — P1Pa203) (2.6)

Ao = 5. The permutation group Sy has 5 irreducible representations: two of degree 1, one
2-dimensional and two of degree 3. Correspondingly the matrix A, of order 24 decomposes
into blocks, 24 = 141 + 22 4 2 x 32,

The eigenvalues of the two 1-dimensional representations are A = +5. The eigenvalues
associated to the other three irreducible representations are exhibited in the appendix B.
Eigenvalues and multiplicities are collected in table 1. The spectrum of A is symmetric
with respect to the origin because all the 5 permutations occurring in eq. (2.3) may be
decomposed in a odd number of transpositions, then the graph with 24 vertices each of
degree 5 is bipartite.

We omit listing the eigenvectors in the degenerate subspaces as they may be chosen in
several ways.

Ao = 6. The permutation group S5 has 7 irreducible representations: two of degree
1, two of degree 4, two of degree 5, one 6-dimensional. Correspondingly the matrix A, of
order 120 decomposes into blocks 120 =1 4+ 1 + 2 x 42 + 2 x 52 4+ 6°.

The eigenvalues of the two 1-dimensional representations are A = 6, A = —2. The
eigenvalues associated to the other five irreducible representations are exhibited in the
appendix B. Eigenvalues and multiplicities are collected in table 2.

Ao = 7. The permutation group Sg has 11 irreducible representations: two of degree
1, four of degree 5, two of degree 9, two of degree 10, one 16-dimensional. Correspondingly
the matrix A, of order 720 decomposes into blocks 720 = 1+14+4x52+2x9%24+2x 10%2+162.



A 6|4 |1+vV5| —-14+V/13] 1|0 |1—-+5|-2|-4|-1-+13
Ny 0 2 (5-v5| 7T—=vV13 | 5| 6 |5++/5| &8 | 10| 7++/13
multiplicity | 1 | 10 9 ) 32 | 15 9 2519 )

Table 2: Eigenvalues of the states tr (¢10a, Pas Poy Pas Pag) » Do = 6 has multiplicity= 120.

A 717 —8sin?(w/7)| 5 |7 —y1|7— 21| 3 |7—8sin?(2w/7)| 2 |7 — 22| 1
Do 0| 8sin?(x/7) |2| wn z1 | 4| 8sin?(27/7) | 5| z | 6
multiplicity | 1 15 14 21 21 |70 15 28| 21 [119
A —7+8sin?(37/7)| 0 |7 — 8sin?(37/7) | =1 |7 — ya | —2|—T7 + 8sin?(27/7)
Do 14 — 8sin?(37/7) | 7| 8sin®(37/7) | 8 | y2 | 9 |14 — 8sin?(27/7)
multiplicity 15 40 15 19| 21 |28 15
A 3|7 —y3|7—23|=5|-7+8sin?(x/7)| -7
AV 10| ys z3 | 12|14 — 8sin?(n/7) | 14
multiplicity | 70 | 21 21 |14 15 1

Table 3: Eigenvalues of the states tr (Pa; Pas Pas Pas Pas PagPar), Do = 7 has multiplicity = 720.
z; are the roots of the cubic E3 —20E? + 116E — 200 = 0, y; are the roots of the cubic E® —22F? +
144F — 248 = 0. The spectrum is symmetric with respect Ay = 7.

The eigenvalues of the two 1-dimensional representations are A = £7. The eigenvalues
associated to the other nine irreducible representations are exhibited in the appendix B.
FEigenvalues and multiplicities are collected in table 3.

Appendix B collects all the irreducible representations for A and its eigenvalues up to
Ny =T.

3. The sequences

For any irreducible representation, of degree f, one may find a suitable set of f basis vectors
and represent the operator A in eq. (R.3) as matrix of order f, then finding the eigenstates
of the dilatation operator. In this section we show the method for a simple example of
fixed order. In appendix C the method is generalized to the much more interesting case of
the easiest representations for S, then obtaining sequences of eigenvectors for any n. One
finds in the literature [ff] the method to evaluate the basis vectors useful for any irreducible
representation: they are the left cosets obtained by multiplying each g € S,, times the
Young projector Y = P(Q) associated to the given irreducible representation.

We illustrate the method with an example. Let us consider the permutation group
Sy and the irreducible representation associated to the partition (3,1) which has degree
f = 3. The Young tableaux in the figure [|| is associated to the Young projector Y = PQ),
where P is the totally symmetric projector P = e+ (12) + (13) + (23) + (123) + (132) and



Figure 1: A standard Young tableau for the representation (3,1) of Sjy.

@ is the antisymmetric projector @ = e — (14).

Three basis vectors are determined by the products g -Y , with g € S4. The evaluation is
shortened by a couple of simple remarks. Each g € S is written in one of the four sets a; ,
j=1,2,34

a1 = (14) - {e, (12), (13), (23), (123), (132)} ,
az = (24) - {e, (12), (13), (23), (123), (132)} ,
as = (34) - {e, (12), (13), (23), (123), (132)} ,
ag = e {e, (12), (13), (23), (123), (132)}

Furthermore if g € S3 € Sy, g- PQ = P(Q. Then the 24 products g - PQ for g € Sy4 fall into
four cosets

v = (14) - PQ,
ve = (24) - PQ,
vy = (34) - PQ,
ve = PQ (3.1)

It is also clear that v; + vo + v3 + v4 = 0 because that sum is the product of the totally
symmetric projector in Sy times Q). Then a basis of 3 independent (although not orthogo-
nal) vectors for the irreducible representation corresponding to the partition (3,1) may be
chosen as three among the four v;. Let us express vz = —(v1 + v2 + v4).

The action of the operator A = (12) + (23) + (34) + (1234) + (4321) on the three basis

vectors v; is

Avy = 2u1 + 209 + vy
Avy = 2u1 + vy + 2v3 = —vg — 204

Avy = v1 + 203 + 204 = —v7 — 209

If u = v + vy + vy is eigenvector of A, Au = Awu, one easily finds:

A=1, up = vy + vy,
34+ VO 1—+5
A=V5, Uz = 4\/_U1+?}2+ 4\/_1)4,
3—+b 14++v5
A= —5, Uz = 4\/_111 + vg + 4\/_1)4



To compare this solution with the general solution given in egs. (C.1) and (C.2), one
rewrites the eigenvectors in the form:

Loa2i-1)
A=1, u1:Zcosij~vl—vg—vg+v4,
j=1

4 .
2 2
)\:1+4cos§:\/3, UQ:E Sin%jvjN\/54—\/5(?}1—1)4)4-\/5—\/5(?]2—1)3),
j=1
4 .
4 4
/\:1+4COS§:—\/5, U3:§ sin%]vjw 5—V5(v1 —vg) +\/5+ V5 (v3 — v2)
Jj=1

Finally we translate the eigenvectors (B.1]) into linear combinations of traces of products
of 5 matrix fields by first adding one unit, then taking the inverse in each permutation.
We outline the derivation for the element vo = (2,4)P ((e — (1,4)). P is the sum of the
6 permutations over the elements {1,2,3}. We manifest it with the notation Pg,(1,2,3).
Furthermore (2,4)Ps,(1,2,3) = Ps;(1,3,4)(2,4) and (2,4)(1,4) = (1,4)(1,2). Then

vy = Ps,(1,3,4)(2,4) — Ps,(1,3,4)(1,2)

According to the relations in Footnote 1 we add one unit in the symbols, evaluate the
inverse of the elements and rewrite in terms of matrix fields

vg = Z tr (P102050304) — tr (P1P3020405)

pES3

In a similar way we obtain the remaining basis vectors v;. To exhibit the symmetry in
compact equations, we denote underlined numbers as symbols which are fixed in the sum

over perlrnutfsmtions.2

v = Y tr (15020304 — d1d2d3dads)

pES3

vy = Y tr(radsdada — drdadadads)

pESs3

v = Y tr(Probagadsda — d1dsdachags)

pES3

v =Y tr(rdadsdads — d1d3dadsds) (32)

pES3

2For example

v = Y tr(digadadsds — Srdadadeds) =

PES3

= tr (P1(P20305P4 + P20a503 + P3d20504 + P3Pads5P2 + Pad20s503 + PadaPsp2))
— tr(p1(p3dad2gs + P3502Ps + Pap3pads + Pads P23 + PsP3dads + dsPa2ds))



4. The replacements

In the literature it is more usual to represent states of scalar fields in term of 3 complex
fields Z , W , Y | rather then their 6 real components ¢,. One may choose

Z=—slo+id), W= (b tio), (65 + id)

1
Y =—
V2

1 ) = 1 = 1
E(Cbl—“ﬁz)’ W:ﬁ( Y:E
For Ay < 6 our auxiliary model does not differ from superconformal Yang Mills theory,

in the sector we studied, then all the eigenstates we described, like in eqs. (£.5), (R.6) for
Ao =4 or eq. (BD) for Ay = 5, are eigenstates of the superconformal Yang Mills theory.

5

Z = ¢3 — i) , (5 —ige) (4.1)

Writing them as real matrix fields or, through eq. (f.]) in terms of complex matrix fields
is irrelevant.

However the relevance of our auxiliary model depends on the possibility of yielding
the spectrum of superconformal Yang Mills theory for arbitrary values of Ay. This is
performed by a trivial replacement rule.

Given an eigenvector of the auxiliary model pertinent to the group .S, , that is Ay = n+
1, it is a linear combination of basis vectors tr (gblqﬁaz Doy, +1). One can partition the set of
flavours {1, ag, ..., ap+1} in 3 sets , say of cardinality nq, ne, ng such that ny+ns+ns = n+1
and each n; > 0. Then replace for each term of the linear combination all ¢aj of the first
set with Z, those of the second set with W , those of the third set with Y. In this way one
obtains a state linear combination of states all in the sector tr (Z™W"2Y"3). This linear
combination is an eigenstate of the superconformal Yang Mills theory.

This trivial replacement rule is correct because the trace operator Zf;rll K41 van-
ishes on states of the sector tr (Z™W"2Y") and the remaining part of the dilatation
operator, the exchange operator ) P41, eq. (), acts in the same way irrespective of
the replacement.

Let us illustrate this vanishing for a simple example. Let us consider a state
tr(---Z™-..) where all couples of adjacent matrix fields before and after Z™ have dif-
ferent flavours. Then the possible non-vanishing contributions of the action of the trace
operator is due to its action on the m — 1 pairs of adjacent m matrix fields Z. If the first
field Z occurs at position r inside the trace

n+1 r+m—1
ZK[J_,.ltr("'Zm'--): Z Kl,l-i—ltr("'Zm"')
=1 l=r

— m+1tr ( (ZQ)Zm—Q) +Kr+1,,«+2tr (Z(Z2)Zm_3) T
+Kr tm—1,r4m tr ( S ZM2(Z2) - )

where we have exhibited inside parenthesis the pair of adjacent Z fields at the sites where
the trace operator acts. Fach term in the sum vanishes. Indeed for a term where the pair
of Z fields are on sites (I,1 + 1) we have

Kpppatr (- (2%) ) = K tr (- (67 — 93 + idndpa + iach) -+ ) = 0

— 10 —



The different choices of fields in the sets n; may lead to inequivalent sets of eigenvectors
for the same sector tr (Z™"W"2Y"3). We illustrate how the replacement rule applies to the
basis vectors (@) with the choice n1 = no =2, ng = 1, that is the sector tr (Z2W2Y)

The sector tr (Z2W2Y). In the irreducible representation (3,1) of the group Sy each
basis vector v; vanishes if the field ¢» and ¢s5 are replaced with the same complex field.
The general solution (C.1) and (C.2) indicates one eigenvector with positive parity and
eigenvalue Ay = 4 and two eigenvectors with negative parity and eigenvalues Ay = 5++/5.
We do two inequivalent replacings: first {¢1, ¢o} — W |, {¢3, s} — Z , ¢5 — Y and
second {¢o, ¢3} = W , {ps, o5} — Z , p1 — Y. These different replacements originate
sets of eigenvectors where the positive parity eigenvectors are inequivalent. As we know
all the eigenvectors in the sector tr (Z 2VV2Y) from direct diagonalization, see appendix A,
further different replacements would not originate new eigenvectors.
The first replacement obtains the basis vectors

vy = tr (WZ*W + ZWZW — ZW?Z —W?Z%)Y) ,
vy = tr (-WZ°W — ZWZW + ZW?Z + Z°W?)Y) ,
vy = tr (-WZ°W —WZIWZ+ ZW?Z + W?Z?)Y) ,
vy =tr (WZPW + WZIWZ — ZW?Z — Z°W?)Y)

They originate one positive parity eigenstate
4 .
27— U)m
Ny =4, U:ZOCOSHT)ijvl—Ug—Ug—i-m:
‘]:
=tr (QWZ*W =2ZW?Z+ZW ZW AW ZW Z—-W?Z*— Z*W?)Y)
and two negative parity eigenstates

4 .
2
PMy=5-V5, u=) s %juj ~tr [(ZWZW — WZW Z)Y]
=0

+(VB 4 2)tr [(22°W? - Ww2Z2)Y],
4 .
4
Dy=5+V5, u=) sin %juj ~ —(VB+ 2L [(ZWZW — WZW Z)Y)
=0
+tr[(Z2W?2 - W2Z2)Y]

The second replacement obtains the basis vectors

vy =tr(ZPW? = WZIWZ - WZW + ZWIW + ZW?Z - W?Z?)Y) ,

vy = tr (-W?Z2+ WZIWZ+WZW — ZWZW — ZW?Z + Z*W?)Y) ,

vy = tr (—Z°W? + ZWZW + WZ°W —WZIWZ — ZW?Z + W?Z?)Y) ,
(

They originate one positive parity eigenstate

Ny=4, u=tr((ZW*Z-WZ*W)Y)
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and two negative parity eigenstates equal to the previous ones.

Anyway the substitutions here performed are just examples, other types of substitu-
tions are possible and lead to further eigenstates in sectors with different charges. Indeed
it is possible to replace just a subset of matrix fields ¢, and rewrite the remaining ones in
term of their defining complex fields. For instance from the state u4, given in eq. (P.6))

ug = tr (P12 — d261) (P304 — Pab3))
we may replace
(G102 — ¢21) = i(WW = WW), ¢3—Z, ¢4—Y
and obtain the new eigenstate tr (WW — WW)(ZY — Y Z)).

A. The lowest part of the spectrum

Eigenstates of the dilatation operator are listed here with the main quantum number
4 < Ay < 7, in order of increasing values of the one loop contribution A3. The easiest
way to obtain them is direct diagonalization of the dilatation operator in finite dimensional
vector spaces invariant under its action (the sectors).

Since re-labelling of fields trivially leads to equivalent eigenstates, we only list eigen-
states of the form tr (Z“WbYC) with a > b > c.

Figenstates with the same values of Ag and Ag are here written as eigenstates of
the parity operator. Occasionally further degeneracies occur and linear combinations of
degenerate eigenstates with the same quantum numbers are equally valid.

A0:4, A2:0:

tr (ZY), t(Z°W), 2t (Z°W?) +tr (ZWZW)
tr (Z2(WY +YW)) +tr (ZWZY) .

A(): 4, A2: 4:
tr (Z2 (WY —YW)) .

A(): 4 9 A2: 6:
tr (Z°W?) —tr (ZWZW) , tr (Z* (WY +YW)) — 2tr (ZWZY) .
AOZ 5 9 Azz 0:

tr(2°), tr(Z'W), w(Z°W?+ Z2*°WZW) ,
tr (Z2(WY + YW)) +tr (Z2(WZY + YZW)) ,
tr (Z2(W2Y + YW? + WYW) + ZW (ZWY + ZYW + WZY)) .

No=5, DNy=5—15=28sin’I:
(V3+1)tr (Z(rW —WY)) + 2t (22(Y ZW = WZY)) ,

(2 + \/5) tr (Z2(YW? = W2Y)) +tr (ZWZ(YW — WY)) .

— 12 —



tr (Z°W? — Z2WZW) , tr (Z?WYW —W?2YZ) ,
tr (ZX(WZY +YZW — ZWY — ZYW)) ,
tr (ZWZ(YW +WY) — Z2(W?Y + YW?)) .

No=5, ANa=6:
tr (Z2(W?Y + YW? - 2WYW)+ WZ(WYZ + WZY - 2Y ZW)) .
No=5, ANy=5++/5=38sin* 3 :
— (VB=1)ur (YW —WY)) + 2t (Z(YZW — WZY)) ,
(\/5 - 2) tr (Z2(W?Y —YW?)) —tr (ZWZ(YW — WY)) .
No=6, ANs=0:

tr(Z°), t(Z°W) , tr (2Z'W? + 2Z2°WZW + Z°W Z*W) |

3tr (Z2W3 + W2ZPWZ + Z°W?ZW) +tr (ZWZW ZW) |

tr (Z'WY +YW) + Z3(WZY + YZW) + Z°WZ?Y) ,

tr (Z°W? + W?2Z3 + Z*°W?Z + ZW?Z? + Z°WZW + W ZW Z*
+IWZPW + WZPWZ + WZPW + ZWZW Z)Y)

2tr (Z2WPY?+ Y2W?Z? + Z2WYWY + YWYW Z? + Z2YW?Y
+W2ZY?Z + ZPWY*W + ZWZWY? + Y)W ZIWZ + ZWZYWY
+W2ZYZY +YZYZW? + WZWY ZY + ZWYW ZY)
+tr(WZYWZY + ZWY ZWY) .

AOZG, A2:2:

tr (Z'WY —YWZ'+ Z°WZY - YZW Z?) |

—2tr ((Z°W? = W2Z*)Y) —tr (Z2°W?Z — ZW?Z?)Y)
—tr (Z°W2ZW - WZW Z*)Y) ,

=3tr (Z2WPY? —Y°W?2Z%) + tr (Z2YWYW —WYWYZ? + YW ZWZ
—ZWZIWY? + ZY ZYW? —W?Y ZY Z)

Do=6, ANy=5—15=8sin’I:

—(1+VE)tr (Z'W?) + (V5 = 1)tr (Z2WZW) + 2tr (Z°W Z*W) |

202+ V5)tr (Z3W3) + (1 + Vo) tr (Z2W2ZW + W2Z2ZW) + 2tr (ZWZW ZW)

—(L+ Vo)t (ZXWY +YW)) + (V5 — Dtr (Z3(WZY + Y ZW)) + 4tr (Z22WZ2Y) |

2tr (ZW2+W?2Z3 - Z2°W?2Z - ZW?Z%)Y )+ (V5 = 3)tr (Z*°WZW +W ZW Z?)Y ) +
+(5 = 3VB)tr (ZWZW ZY) + (1 + V5) tr (WZ*WY) |
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~(VB+1)tr (Z°W2Z + ZW2Z2)Y) + 2tr (ZW Z*W + WZW ZHY) +
+(VE = 3)tr (ZWZWZY) + (1 + V5) tr (WZWY) ,
2tr (W2ZYZY + YZY ZW? = Y?ZWZW — WZW ZY?) +
+(VB+ 1)tr (Z2YW?Y — Z2WY?W) + (V5 — D) tr (ZWYWZY — ZWZYWY) ,
(VB —D)tr(WZYWZY + ZWYZWY) — 2V5tr (W2ZY ZY +YZY ZW?) +
12tr (ZPWYWY +YWYW Z2+ Y2 ZW ZW +W ZW ZY? = Z2 WY 2 - Y W2 Z%) +
+4tr (ZWZYWY — Z2YW?Y — W?ZY?Z) + 2(1 + Vb) tr (Z2WY?W) |
2tr (W2ZYZY +YZYZW? = Z2WYWY - YWYW Z?) +
+(VE - D)tr (WZWYZY — ZWZYWY) + (V5 + 1) tr (W2ZY?Z — Z°WY*W) .

A0:6, A2:7—\/ﬁi

2(4+V13)tr (Z°W2Y2+Y?W?2Z%) —2(VI343)tr (Z°YWPY + W2 ZY2Z+ YW Z*W) +
2tr (ZPWYWY +YWYW Z2+Y2ZW ZW AW ZW ZY?+ W2 ZY ZY +Y ZY ZW?) +
Htr (ZWZYWY +WZWY ZY + ZWYW ZY 13+ 1)tr (WZYW ZY +ZWY ZWY).

A(): 6 9 A2: 4:
tr (ZX(WZY —YZW))

AOZG, A2:5:

tr (Z*W24+W?Z2 - Z2*°W?Z - ZW?Z°+ Z*W ZW +W ZW Z*)Y ) —2tr (W Z*WY)
tr (Z°W? —W?Z° — ZP°W?Z + ZW?Z° — Z°WZW + WZW Z*)Y )
2tr (Z2WY?W — Z°YW?Y + ZWYWZY — ZWZYWY) +
+tr (W2ZYZY + YZY ZW? — ZWZWY? - Y*WZW Z) ,
2tr (Z2WY?W — W2ZYY?Z + WZWYZY — ZWZYWY) +
+tr (W2ZYZY +YZY ZW? — Z2WYWY —YWYW Z?) |
tr (Z2WYWY —YWYWZ? + W2ZY ZY - Y ZY ZW?) ,
tr (Z2WYWY —YWYWZ? + Y*WZWZ — ZWZWY?) .

A0:6, A2:6:

tr (Z2W2ZW —W?Z*°WZ) , tr(Z'WY —YWZ' - Z°WZY + Y ZW Z?) |

tr (ZWZ°W —WZ*W2)Y) , tr((Z*°W?Z — ZW?Z? — Z*WZW + WZW Z?)Y) ,

tr (Z2W?Y? = Y*W?Z? + Z2YWYW —WYWYZ? + Y*WZIWZ — ZWZWY?+ |
+ZYZYW? —WPYZYZ),  tr(WZYWZY — ZWYZWY) .

DNo=06, A2:5+\/g:

(V5 —1)tr (Z*W?) — (V5 + 1) tr (Z3W2ZW) + 2tr (Z22°W Z2W) |
—2(2 = V) tr (Z3W?) + (1 — V5) tr (Z2W?ZW + W2Z2ZW) + 2tr (ZWZW ZW) ,
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(V5= 1)tr (Z WY +YW)) — (V5 + 1) tr (Z2(WZY + YZW)) + 4tr (Z°WZ%Y) |
2tr (Z3W2+W?2Z3— 22W2Z - ZW2Z)Y) — (V5+3)tr (Z2WZW+W ZW Z3)Y) +
+(5+3VE)tr (ZWZWZY) + (1 — V5) tr (WZ3WY) ,
(VB = 1)tr (Z2W2Z + ZW2ZH)Y) + 2tr (ZWZ2W + WZW ZH)Y) +
~(VB+3)tr (ZWZWZY) + (1 — V5)tr (WZ3WY) |
2tr (ZWZWY? + Y*WZIWZ — W2 ZYZY — Y ZY ZW?) +
—(V5 = 1)tr (Z2YW?Y — Z°WY*W) + (V5 + 1) tr (ZWYWZY — ZWZYWY) ,
L+ Vo) tr (WZYWZY + ZWYZWY) — 2V5tr (W2ZY ZY + Y ZY ZW?) +
—2tr (ZPWYWY +YWYW Z? 4+ Y2 ZW ZW AW ZW ZY? = Z°W?Y? Y *W?Z?) +
—4tr (ZWZYWY — Z°YW?Y = W?2ZY?Z) +2(V5 — 1) tr (Z2 WY W) |
—2tr (W2ZYZY +YZY ZW? - Z2WYWY — YWY W Z?) +
+(VE+ D) tr(WZWYZY — ZWZYWY) + (Vb — 1) tr (W22ZY?Z — Z2WY?W) .

AOZG, A2:7+\/ﬁ:

2(4—V13)tr (Z2W2Y?+Y2W2Z?) +2(V13=3)tr (Z2YW2Y + W2 ZY 2 Z+Y*W Z°W) +
=2tr (ZPWYWY +YWYW Z?+ Y2 ZW ZW AW ZW ZY*+ W2 ZY ZY +Y ZY ZW?) +
+atr (ZWZYWYAW ZWY ZY+ZWYW ZY ) ~(V13—-1)tr (WZYW ZY+ZWY ZWY) .

No=T, Sector {Z°W?}, eigenstates with positive parity:

Ny =0, u=tr(Z°W?+ Z'WZW + Z°’WZ*W) ,
Ny =2, u=tr(Z2°W?* - Z’\WZ*W) ,
Ny =6, u=tr(Z2°W?) = 2tr (Z'WZW) + tr (Z°W Z*W)

No=T, Sector {Z°WY}, eigenstates with positive parity:

6
Ny=0, u=>Y tr(Z7YZ5W) ,
j=1

D=2, u=tr(Z°(WY +YW) - Z*(WZ?Y +YZ*W)) ,
D=6, u=tr(Z°(WY+YW))=2tr (Z'WZY+Y ZW))+tr (Z>(WZ?Y +Y Z°W))

No=T, Sector {Z°WY}, eigenstates with negative parity:

No=8sin’(r/7), u=sin(2r/7)tr (Z°(WY =Y W))+sin(dr/7)tr (Z*WZY -YZW))+
+sin(6m/7)tr (Z*(WZ?Y — Y Z*W)) ,

No=8sin’Qn/7), u=—sin(dr/T)tr (Z°(WY =Y W))+sin(67/7)tr (Z*(WZY -Y ZW))+
+sin(2n/7)tr (Z2(WZ?Y — Y Z?W)) ,

No=8sin*@Br/7), wu =sin(6r/7)tr (Z>(WY =Y W))—sin(2r/7)tr (ZWZY -YZW))+
+sin(4n/7)tr (Z3(WZ?Y — Y Z*W)) .
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No=T, Sector {Z*W?3}, eigenstates with positive parity:

No =0, u=tr
No=2, u=tr
No =5, u=tr
No =6, u=tr

ZW3 4+ Z3W2ZW + W2 Z3W Z + Z2W2ZPW + Z°W ZW ZW)
27W? + ZPW32ZPW + ZPWZW ZW)
2ZW? — 3(ZPW2ZW + W2 Z3W Z) + 2 Z*W?2Z*W + 2 Z*°WZW ZW)
ZPW2ZPW + Z*°WZW ZW)

(z
(-
(
(-2

Ao =7, Sector {Z*W?3}, eigenstates with negative parity:
Ny =5, u=tr(Z°W?2ZW - W?Z°W Z)

No=T, Sector {Z*W?Y}. Basis vectors with positive parity:

vy =tr ((Z'W? + W?2)Y), vo =tr (Z°W?Z + ZW?Z%)Y)

vy =tr (Z°WZW + WZW Z%)Y), vy =tr (Z°W?Z2%Y),

vs =tr (Z2WZWZ 4+ ZWZIWZ?)Y),  vg=tr ((Z°WZ*W + WZ*WZ?)Y),
vy =tr (ZWZ*WZY), vs =tr (ZWZ*W + WZ*W 2)Y),
v =tr (WZ'WY).

Eigenvalues and eigenstates:

9
Ny =0, u:Zvj,
1

Ny =2, u=2(v1 +v9) — (v4 + v5 + v +v7),

Ny =2, u=—(vy +v2 +v4) + (v6 + v7 + vg),

Ny =4, u=—v; —v3 — Vg + vg + 2(v4 + vg),

Ny =05, u = 2(v; + vg + v5 + vg + V7 + vg) — 3(ve + v3 + vg),
Ny =6, u=—v1+ve+v5 —vg —2(vg —vy),

Ny =6, U = vy — U3 — V4 + Vg,

No =6, U = Vg — V3 — U5 + Vg,

Ny =8, u=—(vy +vs) + 3(vs — vg) + 2(vg + v9) — 4vs + 8v7,

No=T, Sector {Z*W?Y}. Basis vectors with negative parity:

vy =tr ((Z'W? - W?2)Y), v =tr ((Z*°W?Z — ZW?Z?)Y),
vy =tr (Z°WZW —WZW Z%)Y), vy =tr(Z?°WZWZ — ZWZW Z?)Y),
vs =tr (Z°WZ°W —WZ*WZ?)Y), wvs=tr(ZWZ’W —WZ*WZ)Y).

Eigenvalues and eigenstates:

Ny =8sin?7/7, w=sin(27/7) (v1 + v3 + vs + vg) + sin(4n/7) (v + vo + vy — vg) +
+sin(67/7) (v +v3 —v4 — vs) ,

— 16 —



Ny =4, u=—2v] +v3+vs+v4+ 5,

Ny = 8sin? 21 /7, u =sin(4w/7)(v1 +v3+vs+v6)+sin(87/7)(v1 +va+v4 —v6)+
+sin(127/7) (vy + v3 — v4 — vs) ,

No =5, U =vy — V3 + Vg,

Ay =8sin*3m/7, w=sin(6mw/7) (v + v3 + v5 + v6) + sin(127/7) (v1 + v + vy — vg) +
+ sin(47/7) (v + vz — vg — vs) ,

Ny =8, u=— vy + vg+ 3(vg — v5) + 206

No=T, Sector {Z3W3Y}. Basis vectors with positive parity:

vy =tr (Z°W3Y + YW?Z%) | vy =tr (ZPW3ZY + YZW3Z?) |

vy =tr (Z2W2ZWY + YWZW?Z?) , vy =tr (Z2WZW?Y +YW?2ZWZ?) ,

vs =tr (ZW2ZWZY + YZWZIW?Z) , v =tr (ZW?Z*WY + YW Z*W?Z) ,

vr =tr (ZWZPW?Y + YW?Z?°WZ), v =tr(ZWZWZIWY +YWZWZIWZ) ,
(W (

vy = tr (W2Z*WY + YW Z°W?) | vip = tr (WZ*WZWY + YWZW Z*W) .

Eigenvalues and eigenstates:

10
Ny =0, u:Zvj,
1
Ny =2, u=2(vy +v9) — (v3 + v5 + vg + vg),
Ny =2, u=2(v1 +v2) — (vg + v7 + vg + v10),
Ny =4, U =1v; — V2 + V14— Vg,
Ny =05, u=v9 +v7 +v10 — 2(v1 + v + vg) — vy,
Do =5, u=v3+v5+v9g — 2(vy + vg + vg) — vy,
Ny =6, U = vg — Vs,
No =6, U = Vg — Vg,
Ny =6, U = vy — V10,
Ny =38, u=1v1; —v9 —vg + 2(v3 + vs — vg + v7 — Vg + V1) — U4

No=T, Sector {Z3W3Y}. Basis vectors with negative parity:

=tr (Z°W3Y —YW?*Z%) | vy =tr (Z°W32Y =Y ZW?3Z?)
vy =tr (Z°W2ZWY —YWZW?Z?),  wi=tr (Z2WZIW?Y —YW?2ZWZ?) ,
=tr (ZW?ZWZY —YZWZW?Z) , wg=tr (ZW?*Z*WY — YW Z*W?Z) ,
vr =tr (ZWZPW?Y —YW?Z°WZ),  vs=tr(ZWZIWZIWY —YWZWZIWZ),
W (

=tr (W2Z*WY - YW Z’W?) | vio =tr (WZPWZWY —YWZWZ*W) .
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Eigenvalues and eigenstates:

Ny =8sin’7/7, w=(sin2n/7+ sindn/7+ sin6x/7) v + (sindx/7)(vy — vg)
+ (sin 27 /7)(vs 4+ v7) + (sin 27 /7 + sin 47 /7 — sin 67/7) vy
+ (sin67/7)(—vs + v10) + (sin 27 /7 — sindn /7 — sin 67/7) vg
+ (sin 27 /7 — sindn /7 4 sin 67/7) vg,

DNy =4, u =vy + v3 — v7 + Vg,

Ny =8 sin?2r1/7, w = (sin2n/7 — sindm/7 + sin 67/7) vy + (sin 67/7)(vy — vg)
— (sindn/7)(vs + v7) + (—sin 27 /7 — sindw /7 + sin 67/7) vyg
+ (sin27/7)(—vs + v10) — (sin27/7 + sindn /7 4 sin 67/7) vg
+ (sin 27 /7 — sindn /7 — sin67/7) vg,

Ny =5, U =vy — V4 + V7 — V10,

Ny =15, U =v3 — Vg4 + V5 — Vg,

Ny =8sin?37w/7, wu=(—sin2r/7 + sindr/7 + sin67/7) vy + (sin 27/7) (vg — v3)
+ (sin 67/7) (vs + v7) — (sin 27w /7 + sin4xw /7 — sin 67/7) vy
+ (sindn/7)(—vs + v1p) + (sin 27 /7 — sindn /7 4 sin 67/7) vg
+ (sin 27 /7 + sindm /7 4 sin 67/7) vg,

Ny =38, u =v9 — v3 + v7 + v9 + 2(vs + v10) ,

The remaining 3 eigenvectors correspond to the eigenvalues Ag= 7 — A where A are the
roots of the equation : A3 — A2 — 17\ + 25 = 0.

No=T, Sector {Z3W?Y?}. Basis vectors with positive parity:

=tr (Z°WY?+ Y?W?2Z%) | vy = tr (Z2W?2ZY? + Y?ZW?Z?) |

=tr (ZPWZWY? + Y2WZWZ?), vy =tr(ZWZ*WY? +Y’WZ*WZ) |
vs =tr (ZWZWZY?) | v = tr (WZ°WY?)
vr =tr (ZPWYWY + YWYWZ?%) | vs =tr (Z2°WZYWY + YWY ZW Z?) |
vy =tr (Z2W?YZY +YZYW?Z?) | vio =tr (ZWZWYZY +YZYWZW Z) ,
v =tr (ZW?ZY ZY) , vie =tr (WZ*°WYZY) ,
vy = tr (Z°YW?Y) | v =tr (ZPWYWZY +YZWYW Z?) |
vis =tr (ZPWYZWY + YWZYWZ?) | vig =tr (ZWZYWZY +YZWYZW Z) |

=tr (ZW?YZ?Y +YZ?YW?Z) | vig =tr (WZWYZ?Y) .

Eigenvalues and eigenstates:

No =2, u=—2v1 +4vy + v3 + 3vs — 4(vg + v7) — V8 + V9 + 2010 + 3v11

+ vi2 — 4v13 — v14 + V18,
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No =2, u=uv; — 22Uy —v3— V4 — 205 + vg + 207 — v1g — V11 — V12 + V13 + V14 + V17,

No =2, u= —3vy—v3—205+2v5+2v7+vg —vg— V10— 2011 + 2013 + V14 +V15+ V16

No =4, u=1uv]— 22U —v3+ V4 + 205 — vy — 208 + vg + V19 + 2012 — 2v13
— v16 + vi7 + 2vu18,

No =4, u=—vg+ 25— vg+ v9g — 2013 + V14,

No =5, u=wv+ vy — 3vug — 205 + 4vg + vy — 3vg + v1g + 4v11 — 2019 — 2013 — V14
+vi5 + vi6 + 4dvis,

No =5, u=—v] —vy+ 2vu3+vg — 205 — vy + 28 + Vg — V19 — 2012 — 2013
+ V14 — V15 — V16 + 2017,

Ny =06, u=wv5—v1 —vi2+ V18,

Do =6, u=wv—2v3+vs+ 205 —v6+vsg — Vg — vig + V11 — V12 — V13 + V17,

No =6, u=wv3+vg—vr—vsg—v1 — V2 + V13 + V16,

No =6, u=wvy+v3— 205+ Vg — vy — Vg — Vg — V11 + V12 + V13 + V15,

Ny =06, u=uv3—vg— Vg + Vg,

Ny =8, u=—2v1 + 4vy + v3 + 2v4 — dv5 — 6vg + 10v7 — Hvg — vg — 2019 — 12v11 + 8v1a
— 10v13 — Tv14 — 8v1s + 10(v16 + v17) ,

Ny =8, u=—4vy + 8vy — 3vz + 24v4 — 28v5 — 2206 + 20v7 — 15v8 + 3vg
— 4(v10 + v11 + v12) — 10v13 — Y14 — 16015 + 20(v16 + v18) -

The remaining 3 eigenvectors correspond to the eigenvalues Ag= 7 — A where A are the
roots of the equation : A3 + A2 — 17\ — 25 = 0.

No=T, Sector {Z3W?Y?}. Basis vectors with negative parity:

=tr (Z2W?Y2 - Y?W?2Z%) | vy = tr (Z°W?22Y? - Y?ZW?Z?) |
vy =tr (ZPWZWY? = Y*WZW Z?) , vy =tr (ZWZPWY? - Y*WZ*WZ) ,
vs =tr (Z2WYWY —YWYWZ?) | v =tr (Z°WZYWY — YWY ZWZ?) ,
=tr (Z?°W?YZY —YZYW?Z?) , vy =tr (ZWZWYZY ~YZYWZIW Z) ,
=tr (Z2WYWZY — YZWYWZQ) =tr (Z°WYZWY —YWZYW Z?) ,
o =tr(ZWZYWZY —YZWYZIWZ), vig=tr (ZW?YZ?Y —YZ?’YW?Z) .

Eigenvalues and eigenstates:

No=8sin’ 7/7, u=(2sin2m/7 4+ 2sin4n/7 4 sin 67 /7)v + (sin 27 /7 + sin 47 /7)vy
+ (sin 27 /7+sin 47 /7+sin 67 /7) (v3+v7)+ (sin 67/7) (v4+v12)
+(2sin 47 /7—sin 67 /7)vs+ (sin 27w /7—sin 47 /7T+2 sin 67 /7) (vg+v9)
+(—sin 27 /T+3sin 47w /7—3 sin 67/7)vg + (— sin 27 /T+sin 47 /T)vig
+ (sin 27 /7 — sindw /7 + sin 67/ 7)v17 ,

Ng =4, U= — V3 — Vg + V7 + V12,
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Ng =4, U =—1v1 + vy —v3 — 204 + v5 + v + V7 + V9 + V10,

No=8sin? 27 /7, w =(sin 27w /7 — 2sindn /7 + 2sin 67 /7)v + (sin 67/7 — sin 4w /7)vy
+ (sin 27 /7—sin 47 /7T+sin 67/7)(vs+v7) 4 (sin 27 /7) (v4+v12)
+(2sin 67 /7—sin 27 /7)vs+ (2 8in 27 /7 —sin 47 /T—sin 67 /7) (vg+v9)
+(sin4m/7—3sin 27 /743 sin 67 /7)vg 4 (sin 47 /7+sin 67 /7)v19
+ (sin 27 /7 — sindw /7 — sin 67/ 7)vy1 ,

DNy =05, U =V3 — V4 + Vg — V7 — Vg + V12,

DNy =05, U= —1v1] — Vg + V4 + V5 + V7 +v8 + Vg — V10 + V11,

No=8sin? 37 /7, u =(—2sin2n/7 + sindn/7 + 2sin 67/7)vy + (sin 67/7 — sin 27 /7)vy
+ (sindm /7 — sin 27 /7 4 sin 67/7) (v + v7) + (sindnw/7)(vg + v12)
— (2sin 27 /7+sin 47 /T)vs+ (sin 27 / T+ 2 sin 47 /7+sin 67 /7) (vg +vg)
— (3sin27/7 + 3sindn /7 4 sin 67 /7)vg — (sin 27 /7 + sin 67 /7)v1g
+ (sin 27w /7 4 sindw /7 + sin 67/ 7)vy1 ,

Ny =8, u =v3 — vg4 — 20 — V7 + 209 + V13,

Ny =8, u =v1 + vg — vz + 2v4 — v5 + 3vg — v7 + 2vg — Vg + V19 + 2v11

The remaining 3 eigenvectors correspond to the eigenvalues Ag= 7 — A where A\ are the
roots of the cubic equation: A3 — A2 — 17\ + 25 = 0.

B. The eigenvalues

The text [[f], provides a table with all the irreducible representation for the generators of the
permutation group S, up to n = 7. It is easy to obtain all the irreducible representations
for the operator A in eq. (B.d), up to the same order. We list here the representations of
the operator A corresponding to S, 3 < n < 6, and the eigenvalues.

To denote the irreducible representation, we write the sequence of integers correspond-
ing to the number of boxes in the horizontal rows of the Young tableaux. For instance
(22,12) is the irreducible representation of Sg where the Young tableau has two boxes in
the first two horizontal rows, and one box in the third and fourth row.

If Ag = 4, the relevant group is S3. Beside the two 1-dimensional representations
corresponding to the partitions (3) and (1%) , we only need the 2-dimensional representation
corresponding to the partition (2, 1) which may be chosen

(2,1), A:<_11_11>, A=0, A=-2

If Ag = 5, the group is S4. Beside the two 1-dimensional representations corresponding to
the partitions (4) and (1), there are: one 2-dimensional representation corresponding to
the partition (22) and two 3-dimensional representations corresponding to the partitions
(3,1) and (2,12). They respectively may be chosen

(2%), A=<_01_01>, A=+1,
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-12 -2

(3,1), A= 02-1], A==+V5, A=1,
-21 0
0-12

(2,1?), A=|1-22], A=+V5, A=—1,
20 1

If Ay = 6 the group is S5. Beside the two 1-dimensional representations corresponding
to the partitions (5) and (1°), there are: two 4-dimensional representations , corresponding
to the partitions (4,1) and (2, 1%), two 5-dimensional representations corresponding to the
partitions (3,2) and (22,1), and one 6-dimensional representation corresponding to the
partition (3,12) . They respectively may be chosen

0 20 -2
wy, a=| 02277 s A=1£v5, A=0,

2011

-3-10 0
(2,13), A= -1 _03 _02 8 ) A= —4, A = —2 three times,

(3,2), A= -2 1, A=1twice, N=1++5, A=0,

1 1 -2
(221), A=| 1 -1 -4

11 2 -1
-1-12 2 -3

001 0 10
201 -221
211-202
2 _ — ] - — 1 = =
(3,1°), A= 100-111|° A=1twice, A= —-2twice, A=4, A=0
120-102

011002

1
0
3 0 —-40
0
2

To make easier the comparison with eigenvalues already evaluated, see table 3.2 in the
reference [f[], we remark that the Laplacian eigenvalues Ay = 5+ +/5 and Ay = 74+ +/13
are the roots of the equations E? — 10F + 20 = 0 and E? — 14F + 36 = 0 respectively.

If Ag = 7, the group is Sg. Beside the two 1-dimensional representations corresponding
to the partitions (6) and (1%) , there are: four 5-dimensional representations corresponding
to the partitions (5,1) , (3%) , (2%), (2,1%), two 9-dimensional representations, correspond-

ing to the partitions (4,2), (22,1%), two 10-dimensional representations, corresponding to
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the partitions (4,12), (3,1%), and one 16-dimensional representation corresponding to the
partition (3,2,1). They respectively may be chosen

1200 -2
0 320 -2
(5,1), A=|-2232-2|, x=1, Xx=5 XN-7T\2+7A+7=0,
—2024 -1
2001 2
2-111-3
02 10-2
(3%), A=[0030-2], A=2twice, M- -17A+25=0,
0-103 -1
1-323-5
4-1-22 3
3-30 0 2
(2%, A=120 -31 1 |, A=-2twice, N4+N—-17TA—-25=0,
3-10 —2 2
10 0 0 —1
—2-12 -2 2
1 -42 0 0
(2,1%), A= 0 2 =32 0 |, X=—=1, X==5 N+7A\24+7\-7=0,
0 0 2 -3 2
2 -2 2 0 -1
1 0110-10-10
0 0111-11-1-1
0 -130101-2-1
-11021-101 -1
(4,2), A=|-1011200-10 , A=—1twice, A=1 twice,
0 -11-1131-1-2
-10010-121 0
~1-1020-111 1

0 -1001-110 1
A=2twice, =3 twice, =25,

00 0-2-101 0 1
00 0 1 —20 -1 0
-11 -21 0 0 0 0 —1
-11-1-30 1 -10 0

(22,1%), A=]-10 01 -21 0 0 0 |, X=-1twice,
0-21 1 1-20 11
00 0-110-31-1
1 -10-101 0-11

0 1 -10-11 0 0 -2
A=1twice, A= —-2twice, \= —3twice, = -5,
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101 0000 100

2010 10-1110
211-111-10 10
1101 10-2111
(4,12), A= éfigf;:i:ié; , A=—1twice, A=0 twice,
1000000 101
1101 00-1111
0101 10-10 12
0001010 003
A=1, A=3twice, N —TN4+TA+7=0,
-32-11-21-10 0 0
0 -1100-211-10
0 0-111-1-10 1 -1
01 -10-12 -2-11 0
-10 00-21 0-10 0 .
(3,13), A= 0 -1 001 -21 1 -1 0 , A= —3 twice,
-11-100 0-11 0 0
00 00-11 0-11 -1
0 -1101-211 0 0
0 0-110 1 -1-22 -1
A=0twice, A=-1, A=1twice, N +7N24+7A-7=0,
2-11-10-12 0-22-20-11-11
2-1-22 0-211-1101-31-21
2-10 1 2 0 0 1 -20-311-10 3
11 01010 1-10-21-10-13
00 2 -12-111-10-302020 0 2
00 1 1 0 0-12-10-10200 0 2
2-1-10 1 -13 1 -11-21-20 -2 3
11 -10 110 2 0-1-22 0-1-12
(3,2,1), A=l11 1000000-22000071°0]|"
10-11-100 0100 2-1000
00 1 -10 0 000 1-30120 01
00 1 0-11-1001 0-111 2 0
1-10 1 0-10 0-1001-11 0 1
10 01 01 -10-1-101 2 0 2 1
00 0 0-100-110110 1 0 -1
00 1 0-110-1-102-10 2 2 =2

A\ = 3 twice, A = —3 twice, A = 1 three times, A\ = —1 three times, A3 — A2 — 17\ +25 = 0,

M+ A2 17N =25 =0.

To make easier the comparison with eigenvalues already evaluated, [E, H, E], we remark
that the 3 roots of A3 —TA2+7A+7 = 0 are A = 3—4cos[(2p+ 1)7/7] with p = 0,1,2. This

is easily proved by extracting the real part of the identity 22:0
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Figure 2: A standard Young tableau of the representation (nl,1) of S,,.

n-1

Figure 3: A standard Young tableau of the representation (2,1"~2) of S,,.

a cubic equation for cos(m/7). The 3 roots of A3 +7A? 47\ — 7 = 0 are the opposite of the
previous roots.

The 3 roots of the cubic equation A3 — A2 — 17\ +25 = 0 are mapped into 3 eigenvalues
/\y of the Laplacian by E = 7—\ and are the roots of the equation E?—20E2?+116E—200 =
0, which is quoted in table 3.4 of the reference [[[]. In the same way, the roots of the equation
A3 +A2—17A—25 = 0, which are opposite of the previous ones, become roots of the equation
E3 —22E? 4+ 144F — 248 = 0.

C. The eigenvectors

We are interested in the eigenstates corresponding to some irreducible representation of
Spn. We generalize the method used in section 3 for the representation (3, 1) of Sy, of degree
f = 3. Here we find basis vectors and eigenvectors for the two irreducible representations
of S,, the representation (n — 1,1) and its conjugate (2,1"~2), both of degree f =n — 1.

Only the first one provides important sequences of eigenvectors of the dilatation oper-
ator of superconformal Yang Mills theory, after proper replacements.

The representation (n—1,1) of the group S,,. For any representation of the permu-
tation group S, of degree f, one obtains a matrix of order f which represents the operator
A in eq. (E) As the degree of the representation increases, the evaluations becomes
more cumbersome. However there are two irreducible representations which may be easily
derived for arbitrary S,: they are of degree n — 1 and are pair-conjugate.

— 24 —



The Young tableaux has n — 1 boxes in the first row and one in the second row, as
shown in figure J.

The set of elements in S, is partitioned in n sets aj, j = 1,2,...,n. Each a; contains
(n — 1)! elements and they may be written in the form (j,n) - g with g € S,,_1.

The Young projector operator Y associated to the irreducible representation of S,
corresponding to the partition (n — 1,1) is Y = PQ , where P is the sum of the (n — 1)!
permutations of S;,—1 and Q = e — (1,n).

We choose n basis vectors v;:

vj=(j,n) - PQ, forj=1,2...,n—1, v,=e-PQ

Since Y} v; = 0, one basis vector may be eliminated, but equations will be more neat by
keeping all n vectors.

Any permutation in S, which multiplies from left a basis vector v; obtains a basis
vector. For example:

(]7]+1)U] = Vj+1, (]7]+1)UJ+1 =v5, (172737"' ,n)Uj = Vj+1, (’I’L,?’L—l,...,Z, 1),0] =Vj-1

The action of the operator A = (1,2)+(2,3)+(3,4)+---+(n—1,n)+(1,2,...,n)+
(n,n—1,...,2,1) on each basis vector is given by the system

Avy = (n—2)vy + 209 + vy,

Avg = 2v1 + (n — 3)ve + 2u3,
Avg = 2u9 + (Tl — 3)?)3 + 2vy4,

Avy—1 = 2vp—2 4+ (n — 3)vp—1 + 2vy,,
Av, = v1 4 2051 + (n — 2)v,

If u = Y"1 oju; is eigenvector of A, Au = Au, the set of coefficients «; is determined by
the system

(n—2)a; + 209 + a, = Ay,
2a1 + (n — 3)ae + 2a3 = Aag,
20 + (n — 3)as + 2a4 = Aag,

209 + (n — 3)ap—1 + 204, = Aavp—1,
o1+ 20,1 + (n — 2)ay, = Ay,

The n — 1 eigenvectors are found by solving linear recurrence relations. They form two

sequences:
- 2kmy
M =n—3+4cos2knw/(n+1), u(k):;Sin<n+]1>vj,
k=1,2,..., kmax Emax < (n+1)/2, and
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km(25 — 1
A =n— 3+ 4cos2km/n, Zco < m(2] )>vj,
k=1,2 . Ko K < n/2. (C.1)

Since the group S, is associated with Ay = n+ 1, the two sets of eigenvalues translate
into two sets for the one loop contribution to the dilatation dimension:

k

Ay = 8sin? nil’ k=1,2,..., knax, Emax < (n+1)/2, and
k

Ay = 8sin? % kE=1,2,..., knax, Emax < n/2.

We rewrite the basis vectors and the eigenvectors in term of traces of products of
matrix fields by a straightforward generalization of the procedure leading from the basis

vectors (B.1) to their form (B.9)
v = Y tr(¢1bni1dads - b — drdadada - bnia)

PESH_1

Vg = Z tr (¢1P20n 4103 - On — 103020405 - - - Pry1)

PESn_1

vs = > tr(d1dodsbni1da- - bn — 1dsdadads - bny1)

PESn_1

Un = Y tr(d1dods - ndpi1 — GLP30ads - bni1da) (C.2)

PESH_1

where we use the compact notation of footnote 2 to indicate the elements remaining fixed
in the sum over permutations. It is useful to notice that , for every j , the states v; and
Un—j+1 are related by parity.

The representation (2,1"~2) of S,,. Although it will turn out to be of more limited
use, we derive a set of basis vectors and the eigenvectors which correspond to the irreducible
representation conjugate to the previous one. Actually only slight changes occur in the
derivation. The Young tableau of the representation (2,1"~2) is shown in figure fJ.

We define @ the sum of all permutations of the group S,,—; with their sign, that is (41)
or (—1) depending on the even or odd numbers of transposition that relate the permutation
to the identity permutation.

Q= ) (signp)p

pesnfl

One easily finds that —Q—i-zj 1 (] ,n)Q is the opposite of the sum of all the n! permutations
of the group 5,,, with their sign.
We may choose a set of n basis vectors

zj=(,n)Q e+ (1,n)), for j=12,....n—1, z,=-Q(e+(L,n))
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Then > |z, = 0. and one easily obtains the action of any transposition on the basis

vectors:
7+ D0 = (G+1,1)(,J +1)Q = —(j +1,n)Q, then
(G, + 1Dz = —zj+1, (7 +1D)zjp1 = —2
However (1,2,...,n)z; = —(—1)"zj41 and (n,...,2,1)z; = —(—=1)"z;_1.

If n is even we have

Azy = —(n —2)z1 — 229 — 2y,
Azg = =221 — (n — 3)z9 — 223,

Azg = =229 — (n— 3)z3 — 224,

Azpg = 229 — (n—3)zp—1 — 22y,
Azp = —21 — 221 — (n — 2)z,

Eigenvalues of the operator A are the opposite of the ones of the conjugate representation
and eigenvectors are the same, where z; now replaces v;, that is two sequences:

Me =3 —n—4dcos2kr/(n+1), ulk) = Z?lein (%) zj , k=1,2,...  Fmax » Kkmax <
(n+1)/2 , and

M =3 —n—4cos2kn/n , uk) =37 | COS (W) zi, k=1,2,... kmax , kmax <n/2 .

‘]:
If n is odd integer, we obtain

Az = —(n—2)z1 + zn,

Azj = —(n—=3)z,

Az, = 21— (n—2)z,, that is

10 00 0...1
00 0O0GO0..0

00 00UO0..0
A=@B-n)I+] 0 0 0 0 0 ...0

The n eigenvalues of A are:
A=1—-n,A=3—n,n—1 times.

One of the degenerate eigenvalues A = 3 —n is associated to the null vector )} z; then
the n — 1 eigenvalues of the irreducible representation, if n is odd integer, are:
A=1—-n,A=3—n,n— 2 times.

We proceed to rewrite the basis vectors z; and the eigenvectors in term of traces of
products of matrix fields as we did for the basis vectors v;.
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Q@ is the sum of the (n — 1)! permutations over the elements {1,2,...,n —1}. We
manifest it with the notation Qg, ,(1,2,...,n—1). Furthermore (2,n)Qs, ,(1,2,3,...,n—
1)=Qs, ,(1,n,3,...,n—1)(2,n) and (2,n)(1,n) = (1,n)(1,2). Then

z0=0Qs, ,(1,n,3,...,n—1)(2,n) — Qs, ,(1,n,3,...,n—1)(1,2)

According to the relations in Footnote 1 we add one unit in the symbols, evaluate the
inverse of the elements and rewrite in terms of matrix fields. Some care is needed for
the sign of the permutation. We use the compact notation of footnote 2 to indicate the
elements remaining fixed in the sum over permutations. Except for a overall factor (—1)"
we find

2z = (=1)" Z (signp) tr (G1dns10203 - bn) + Z (signp) tr (1020304 bnt1) ,

PESn-1 PESn-1

zg = (—1)"* Z (signp) tr (p1d2dns103 - dn) — Z (signp) tr (¢1d3h204¢5 - - - Pnt1)
PESH_1 PESH_1

z3=(—1)" Z (sign p) tr (P1d2d3dni10a - dn) + Z (signp) tr (193040205 - - - Pnt1)

PESn_1 PESH—1

== Y (signp)tr (G120 dudpi1) + (= 1" (signp) tr ($1036405 - bns162)
PESH—_1 PESH—_1

This irreducible representation provides eigenvalues and eigenvectors for the Super
Yang Mill theory only for small values of the main quantum number Ag. For example, for
the permutation group Sy, with the replacements (¢1,¢2) — Z , (¢3,05) = W , ¢y — Y |
we find

2 =tr (2ZWZW — ZW?Z - WZ°W + Z*°W? - WZWZ)Y) ,
(W?2Z? —22°W? + WZ*W + ZW?Z —-WZWZ)Y) ,
(Z°W? —2W?Z? + WZPW + ZW?Z — ZWZW)Y) ,
2 =tr (QWZWZ — ZW?Z —WZ*W + W?Z? — ZWZW)Y)

One obtains one positive parity eigenstate and two negative parity eigenstates:

Ng =5, Ng=6, parity=+1
u=tr((ZWZIW + WZWZ)Y - 2(ZW?Z + WZ*W)Y + (W?Z* + Z*W?)Y) .
2
No =5, Ay =8sin’ g, parity = —1
. 2w . 4w
u=(z —z4)smg + (22 —Zg)SlH?.
No =5, Ay =8sin’ %, parity = —1

iy . 271
u = (21—24)81n€+(23—22)sm?.

However we find that replacing the set matrix fields ¢; with an alphabet of merely 3
letters Z, W,Y leads to vanishing basis vectors z; if the main quantum number Ay > 5.
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D. The replacements

Our final step is to replace the fields ¢; in the general solution (C.1) and (C.2) pertinent
to the representation (n — 1,1) with the complex fields Z ;, W and Y then obtaining the
eigenvectors of the dilatation operators.

For the group S, such eigenvalues are sums of a large number of terms, each of them
being a product of n + 1 fields ¢;. By replacing n; fields with the complex field Z , nq
fields with W , ng fields with Y , with n1 + ny +n3 = n+ 1, one obtains sets of eigenvalues
for the sector tr (Z™Wn2Y™3).

The different choices of fields in the sets n; may lead to inequivalent sets of eigenvectors
for the same sector tr (Z"W"2Y™3) as we indicated in section 4.

We turn here to the generic term in the sequences with the simplest examples:

(a) we obtain the well known sequences of eigenvectors with two impurities, [f§], we may
call it the sector tr (Z"_lgbagbb)

(b) we obtain sequences of eigenvectors for the sectors tr (Z ”_2W2Y).

(a) The sector tr (Z" 1 pa¢y).

By the replacement of n — 1 matrix fields ¢; with the single complex matrix field
Z, one recovers the well known sequences of eigenvectors with two impurities. More
specifically, we identify {¢2, ¢3,...¢n} — Z, then

vy — (n—1)r (q&lqﬁ@Z”_l)
~(n—=2)tr (P12 Z" 2+ 512292 Z" P 4 -+ 01 Z" o) =
= (n—2)Intr (p1¢p1Z"") — (n—2)!C,
vy = (n=2)ntr ($1Z¢p12"?) — (n—2)1C,

vy — (n=2)Intr (012" 'dpy1) — (n —2)!C
where C = zj o tr (qﬁle(;ﬁnHZ”_l_j).

Since Z] 1 sin ?fff 0 and Z] 1 cos hm (2] b =0 , we recover the well known
symmetric and antisymmetric sequences Wlth two impurities
Ay = 8sin? hm Z 1n tr (0127 ppn 2777
n+ 1 9 n+
1
k=1,2,..., kmax, Fmax < n;_ , parity = —1 (Dl)
and
km "N kw25 - 1) : :
Aoy = 8sin? -= (k) — B S 7i—1 Zn—j
9 sin® —, u ]Z_:lcos - r (1 Pnt1 )
E=1,2 0 kmaxs e < g parity = 1 (D.2)

— 929 —



(b) The sector tr (Z"?W?Y).

Let us now look for a new sequence of eigenstates by replacing n — 2 matrix fields
¢; with the single complex matrix field Z, {¢3, ¢4,... ¢n} — Z, two fields with W,
{$1, 2} — W , and the last one with Y, ¢,41 — Y.

With this replacement all the basis vector would vanish if the further replacement
Y — W were made. Indeed an alternative and inequivalent replacement leading to
the same sector tr (Z”_1W2Y) s =Y, {da, d3} = W |, {dsa,...,In+1} — Z.
We limit ourselves to the first, simpler, replacement.

We find
n—2 n—2
v =Y tr(ZTWZETWY) = 3w (20TTWRZTY)
=0 r=0
0
vy =Y tr(Z"EWZTWZTTY — ZTWZNTEWZTTY ) +
r=0
n—3
+> tr (ZWZTITWZY — ZTWIW ZPTETY)
r=0
j—2
v =Yt (ZVIWZWZITETY - ZZWZTIW ZITTTY ) +
r=0
n—j—1
+ N tr(ZWzr T Wit — 2 Wzt Wz Y )
r=0
n—3
Vno1 = D _tr(ZWZTWZ"TETY — ZPWZW Z"TATY) +
r=0
0
At (ZWZTTWZTEY — ZTWZTPWZTTY )
r=0
n—2 n—2
Up = D _te(WZ'WZ"2TY) = e (277 TWEZTY)
r=0 r=0

The positive parity sequences of eigenstates , if n is even , may be written

Ao = 8sin — ul ):(v1 +up,) cos(km/n)+ Z COS (T) (Vj+Vn_j11)
j=2
where v +vn—ji1 = (D.3)
j—2
N (2 IWZWZITET 4 2T W LW 2N )Y — 22" W 2T W 2T TTY | +
r=0
n—j—1
+ Z tr[(ZTWZn_j_l_TWZj_l+Zj_1WZn_j_1_TWZT)Y
r=0

27Z"W ZIT W znmim iy
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where £k = 1,2, ..., kmax , kmax < 1/2.
If n is odd integer, the above u(*) should be replaced by u(®) + cos(k) VU(nt1)/2 -

The negative parity sequences of eigenstates may be written

[n/2] .
. km k . . 2k7Tj
Ny =8sin? R u® = (v —vp) sm(2k‘7r/(n+1))+j§::2 sin (n——i-1> (vj—Vn—jt1)
where v —Up_jq41 = (D.4)
j—2
M wr(ZIWZTWZI T - 2 TW ZTW 2 )Y ] +
r=0
n—j—1

J
+ >t [(ZWzr T W I - 2 Wz T W )Y

where k = 1,2,. .., kmax », kmax < (n+1)/2.
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